We propose a new peridynamic formulation with shear deformation for linear elastic solid.
Introduction
The prediction of crack is always an interesting topic in the field of computational solid mechanics. Various numerical methods have been proposed, such as the Element-free Galerkin methods (EFG) [1] , the extended finite element method (XFEM) [2, 3] , the reproducing kernel particle method (RKPM) [4] , the numerical manifold method (NMM) [5, 6] , cracking particle methods (CPM) [7] , and many other meshless methods [8, 9, 10] . Peridynamics [11] has recently attracted great attention due to its flexibility in modeling complex fracture patterns. Peridynamic theory reformulates the problems in solid mechanics in terms of integral form rather than the partial differential form, thus avoids the singularities arose at the crack tips and discontinuity in differential across the cracks.
The derivation of peridynamics is based on the equivalence of local strain energy density and the nonlocal strain energy density [12, 13] . There are general three types of peridynamics, bond-based (BB) peridynamics, ordinary state based (OSB) peridynamics and non-ordinary state based (NOSB) peridynamics. The NOSB peridynamics incorporates various advanced material models [14, 15, 16, 17] as it is based on the deformation gradient in continuum mechanics. Foster et al [14] incorporated the viscoplasticity in NOSB peridynamics. Amani et al [17] implemented the Johnson-Cook (JC) and damage model based on NOSB peridynamics. Apart from the applications for solid, peridynamics has also been extended to other fields, heat diffusion [18, 19, 20] , plates and shells [21, 22, 23] , composite materials [24] and the nonlocal vector calculus [25] .
The most distinguished advantage of peridynamics over other numerical methods is that the fracture is a natural result of simulation, whereas the techniques such as the smoothing of normals of crack surfaces used in the extended finite element method (XFEM) [26] , meshless methods [27] or other partition of unity methods (PUM) [28] are not needed. The drawback of NOSB peridynamics is the relatively complicated implementation and high computational cost. The capability of NOSB peridynamics is attributed to the arbitrary direction of bond force, which is in contrast to the BB peridynamics or OSB peridynamics only allowing extensional bond force. In fact, the component of bond force out of the bond direction in NOSB peridynamics represents the shear force due to shear deformation. It can be seen that one problem in BB peridynamics or OSB peridynamics is that the axial bond force cannot account for the shear deformation but only extensional deformation. Such limitation is physically unnatural. More specifically, for deformed solid, there are both shear and axial deformations, the bond should bear some energy due to shear deformation, not just the energy due to extensional deformation. Combining the arbitrary direction of bond force in 2 NOSB peridynamics and the relatively low computational cost in OSB peridynamics, we can formulate a new peridynamic formulation with shear deformation for elastic solid.
In this paper, we present a new peridynamic formulation with shear deformation for linear elastic solid. The new approach is based on subtracting the part of rigid body rotation from the total deformation since the pure rotation does not contribute to the internal force. The content of the paper is outlined as follows. §2 begins with the equations of motion of dualhorizon peridynamics. In §3 the bond force vector for the present peridynamic formulation is derived. §4 recovers the Cauchy stress tensor based on the bond force vector proposed in §3. §5 discusses the shortcomings of the conventional damage rule of maximal extension stretch and a new damage rule is proposed based on deviatoric bond strain which takes into account both the tensile damage and shear damage in brittle fracture. In §6, four numerical examples are presented to validate the present formulation. Consider a solid body in its initial configuratoin before deformatoin and current configuration after deformation as shown in Fig. 1 . Let x and x be the material coordinates of any two points in the initial configuration Ω 0 ; and y := y(x, t) and y := y(x , t) are the spatial coordinates of the two points in the current configuration Ω t ; ξ := x − x denotes the initial bond vector, i.e. the relative distance vector between x and x , and u := u(x, t) and u := u(x , t) are the displacement vectors for x and x , respectively. Hence,
Dual-horizon peridynamics
BB-PD and OSB-PD NOSB-PD the relative displacement vector for bond ξ. y ξ := y(x , t) − y(x, t) = ξ + η is the current bond vector for bond ξ. The horizon of point x in traditional peridynamics represents a domain centered at x, in which the distance from any point x to x is smaller than δ, the radius of horizon. In the traditional peridynamics, the horizon sizes for all the particles must be the same, otherwise spurious wave reflections will arise [29] . In order to remove the constraints of using constant horizon, much effort were devoted by [30, 31, 32, 29] , among which the simplest method is probably the dual-horizon peridynamics [29] . The key idea of this method is the introduction of dual-horizon, the dual term of the horizons centering at each particle. Within the framework of dual-horizon peridynamics, the traditional peridynamics with constant horizon can be derived as a special case of dual-horizon peridynamics.
In the following sections, the derivation will be based on dual-horizon peridynamics.
Equations of motions in dual-horizon peridynamics
In dual-horizon peridynamic formulation, the horizon H x is defined as the domain where any particle falling inside will receive force exerted by x, therefore, x will undertake all the reaction forces from the particles inside H x . In this sense, the horizon in dual-horizon peridynamics can be viewed as a reaction force horizon. The dual-horizon in dual-horizon peridynamics is defined as a union of points whose horizons include x, denoted by
The particle will receive the direct force from the particles in its dual-horizon. The dualhorizon can be viewed as direct force horizon. Let f x x := f x x (η, ξ) denote the force vector density acting on particle x due to particle x. The first subscript x of f x x indicates x being the object of force and the second subscript x indicates the source of force which is from x.
The internal forces exerted at each particle include two parts, the reaction forces from the horizon and the direct forces from the dual-horizon. The other forces applied to a particle include the body force and the inertia. Let ∆V x denote the volume associated with x. The body force of particle x can be expressed as ρ x b∆V x , where b is the body force density, e.g. the gravity. The inertia is denoted by ρ xü (x, t)∆V x , where ρ x is the averaged density of the volume associated with x.
The direct force is
The reaction force is
By summing over all forces on the volume associated with particle x, including inertia, body force, direct force in Eq. (2) and reaction force in Eq. (3), the equation of motion for dual-horizon peridynamics is obtained,
As the volume ∆V x associated with particle x is independent of the summation, we can eliminate ∆V x in Eq. (4), and arrive at the governing equation based on x:
When the discretisation is sufficiently fine, the summation is approximating the integration of the force over the dual-horizon and horizon,
Thus the integration form of the equation of motion in dual-horizon peridynamics is given as
3. Peridynamics with shear bond force Figure 3 : (a) The bond configuration; u is the rigid body translation, ξ r is the bond after rigid body rotation, γ denotes the angle of rotation, η r is the effective displacement due to deformation;
The decomposition of the effective displacement, η r = η s + η n , η s is the shear displacement perpendicular to ξ r , η t is the displacement along ξ r .
Two particles x, x form a bond ξ in the initial configuration at t = 0, at time t = T , ξ becomes ξ + η in the current configuration, where relative displacement is η.
As shown in Fig.3 , the change of bond ξ comprises three parts:
(1) the translation u associated with x;
(2) the displacement u r due to x rigid rotation with respect to x;
In fact, the Taylor expansion of displacement field u over x is
where u∇ = (∇u) T . The three terms in the R.H.S of Eq. (7) are the rigid body translation, rigid body rotation, and the effective displacement between x and x , respectively.
6
The infinitesimal rotation tensor is defined as
For infinitesimal deformation, the rotational displacement can be approximated by
However, when the rigid rotation is moderate or large, the above expression is no longer valid. The rotation matrix for each particle should be calculated.
As the rigid rotation is associated with the collective deformation of all particles in one horizon, it is necessary to calculate the deformation gradient first. The deformation gradient is calculated by
where ω(ξ) is the influence function. The next step is to find the rigid rotation in F x . Based on linear algebra, any square real matrix F x can be written with polar decomposition
where R x is a rotation matrix and P x is a positive-semidefinite Hermitian matrix. Based on the singular value decomposition of F x , F x = W ΣV T , one has
where superscript T denotes transpose of the matrix. So the rigid rotation matrix R x of F x can be obtained by singular value decomposition. The bond ξ after rigid rotation R x is given by
The effective displacement is η r = ξ + η − ξ r . The displacement η r is decomposed into η n and η s , which are parallel and perpendicular to ξ r , respectively. In fact, in the case of isotropic material, η n corresponds to the axial deformation and η s to the shear deformation of the bond. The weighted volume for particle x is defined as
The volume strain is defined as
The Frechet derivative [13] of volume strain with respect to η r is
Note that the volume dilation θ x only depends on η i
The isotropic part of the displacement is
The deviatoric part of the displacement is
The corresponding deviatoric bond strain ε d is
Energy equivalence
In 3D case, the elastic potential energy for isotropic elastic material is
The averaged stress σ ii and the deviatoric stressσ ij are obtained by
, K is the bulk modulus, µ is the shear modulus. For isotropic material, the normal strain causes only normal stress, while shear 8 strain causes only shear stress; in other words, the shear component and normal component are uncoupled. If the coupling effect between shear part and normal part is considered, the constitution of anisotropic material can be derived. Here, we focus on the isotropic materials. Suppose an isotropic elastic material model is given by
where α is positive constant to be determined, and ω(ξ) is an influence function. The influence function plays a great role in the distribution of strain energy for all bonds. When
2 , which means the particle close to the boundary of the horizon has the most significant influence on the integration while the influence of the particle near the center is almost negligible. When ω(ξ) = ξ −2 , we can see ω(ξ)η d · η d ∝ 1, which means each particle's influence is independent of ξ. ω(ξ) = ξ −2 enables any particle falling inside the horizon the same order of magnitude of bond potential energy, which guarantees that the elastic potential energy is released gradually when breaking bond. If ω(ξ) = 1, the bond close to horizon's boundary has much greater potential energy than that of bond near the horizon's center, in that case, the elastic potential energy clusters on horizon's boundary.
Therefore, it is recommended that ω(ξ) = ξ −2 .
The isotropic part of the bond force is
The deviatoric part of the bond force is the Frechet derivative of W on η d ,
In order to determine the coefficient α, consider a deformation state without bulk deformation ε kk = 0, the deviatoric bond displacement is η d = η r = ε · ξ r , and the strain energy due to deviatoric deformation is
On the other hand, W = µε
where m is the weighted volume of the horizon.
Therefore, the bond force for the peridynamics with shear deformation is
where K is the bulk modulus, µ the shear modulus. It is evident that the Eq.(27) is similar to the classical elastic mechanics, σ = Kθ + 2µε d . It can be seen that the bond direction is not required to be parallel with the current bond direction, in that sense, the current peridynamics can be regarded as one type of non-ordinary state based peridynamics.
Following the same routines, the bond force of current peridynamics with shear deformation
f is the bond force acted on x due to the relative deformation between x and x . The magnitude of f depends on the state of x. The force direction of f is the same as the deformation direction, elongation results in tensile bond force and compression gives rise to compressive bond force. Hence, f is the bond force acted on x due to x; within the framework of dual-horizon peridynamics, f corresponds to −f x x . So the bond force f x x and f xx in Eq.(5) are given by
Note that ξ r and η d are calculated based on the volume strain and rigid rotation of x , and ξ r is nearly in opposite direction of ξ r . When calculating bond forces in x, it is not necessary to calculate f xx directly; in fact, f xx can determined when calculating the bond force in x . It can be seen that the dual-horizon in dual-horizon peridynamics is not stored explicitly but inferred from horizons. Compared with the OSB peridynamics in Eq. (31), the feature of current peridynamic formulation is that the shear deformation causes shear bond force. It can be seen that the current peridynamics is vector-valued, while the OSB peridynamics is scalar-valued. In traditional BB peridynamics and OSB peridynamics [13] , the shear deformation is neglected. The energy equivalence with classic theory forces the bond stretch deformation in OSB peridynamics higher energy density, i.e. the coefficient of deviatoric part is 15 in OSB peridynamics and 6 in current peridynamics.
where e d ξ = e ξ − θ x ξ 3 , e ξ = ξ + η − ξ .
Cauchy stress recovery
For small strain deformation, the Cauchy stress tensor can be recovered by
where K x is given by
In fact, Eq. (32) is the same as the Hooke's law for isotropic elastic material.
where I is the identity matrix. It can be seen that under small strain deformation, the Cauchy stress tensor is recoverable.
Three type of fractures
There are general two types of fractures, brittle fracture and the ductile fracture, and much effort is exerted by the researchers [33, 34, 35, 36] . On the other hand, based on the crack separation modes, there are three types of cracks, i.e. mode I crack, mode II crack and mode III crack. As the ductile fracture is closely related to the complicated material constitutions, we only discuss the brittle fractures in three modes.
Critical deviatoric bond strain damage rule
In the implementation of the peridynamics, fracture is introduced by removing particles from the neighbor list once the bond stretch exceeds the critical value. In order to specify whether a bond is broken or not, a history-dependent scalar valued function µ is introduced [12] ,
Then, based on function µ(t, ξ), the local damage at x is defined as
The damage rule of Eq. (35) S + and S − are symmetric with respected to the dash line as shown in Fig.4(a) . The traditional peridynamics damage rule of critical extension works well in such situation. Given the displacement in Fig.4(a) , both bond ij and bond il are under tension, the breakage of these bonds contributes to the formation of symmetric fracture surfaces.
However, in the mode II crack, the maximal extension rule is no longer valid. We note that for shear fracture, the deformation of fracture surfaces are anti-symmetric with respect to the dashed line as shown in Fig.4(b) . Bond ij is under tension while bond il under compression thought they almost have the same shear bond strain. If the maximal extension rule is adopted, bond ij is broken but bond il is kept. Therefore, the maximal extension rule fails in mode II crack. The analysis also applies to the Mode III crack.
As the shear deformation accounts for the shear damage, the damage rule should be at least related to the shear deformation. Since bond ik has the maximal shear deformation, it is reasonable to cut the bond ik prior to bond ij and bond il. It is necessary to design a new damage rule which is both compatible with the tensile damage and the shear damage. We notice some facts, for mode I cracks, particles in S + or in S − are under tension; for mode II and III cracks, particle in S + is under compression while particle in S − is under tension.
Hence, we propose a maximal deviatoric bond strain damage rule as
where
, θ x is the volume strain for particle x. The damage happens when the the deviatoric bond strain exceeds critical value and at least one particle's volume strain is under tension.
Energy release rate to critical deviatoric bond strain
The volume strain is related to the hydrostatic pressure, and the anti-symmetric fracture surface in Mode II/III crack depends more on the deviatoric strain than the volume strain; therefore, we assume the volume strain along the crack surface is zero. Based on Eq. (22) and Eq. (26), the potential elastic energy for each bond in 3-D is
. Following the similar routine in [12] , based on Fig.5 , the work G 0 required to break all the bonds per unit fracture area is
Figure 5: The energy release rate to create the crack surface [12] .
Then, the critical bond strain ε d max can be expressed as
6. Numerical examples 6.1. Two-dimensional wave reflection in a rectangular plate
Consider a rectangular plate with dimensions of 0.1×0.04 m 2 (see Fig. 6 ). The Young's modulus, density and the Poisson's ratio used for the plate are E = 1, ρ = 1 and ν = 0, respectively. Note that this is actually a 1-D problem solved in 2D. The initial displacement applied to the plate is described by the following equation
where u 0 and v 0 denote the displacement in the x and y directions respectively. The wave speed is v = E/ρ = 1 m/s. The plate is discretized with a particle size of ∆x = 1e − 3m excerpt the right top part of the plate which is discretized with ∆x = 5e − 4 m. Each particle's horizon radius is set as δ x = 3.015∆x. There is a sharp transition at x = 0.05 m. Fig.7(a) shows the displacement wave was approaching the interface of different horizon size at t = 0.0315s. Some variance is observed at location x = 0, which is due to the nonlocal boundary effect of peridynamics. When the wave passed the interface at t = 0.0735s, there is no obvious reflection wave, as shown in Fig.7(b) . Hence, the sharp transition of horizon size has little influence on the current dual-horizon peridynamics. At t = 0.1s, the wave reached the place x = 0.1m and was reflected back at this free boundary. At t = 0.01365 ∼ 0.01575s, the reflected wave passed through the interface of different horizon sizes, and no obvious reflected wave is observed, as shown in Fig.7(c) and Fig.7(d) .
Large rigid rotation test
The rigid rotation should result no internal stress. We test the large rigid rotation in 2D plate (Case I) and 3D plate (Case II). In Case I, we rotate a 2D plate of 1m×1m with an angular velocity of 15
• per step and calculate the internal stress with respect to the initial configuration. In Case II, a 3D plate of 1m×1m×0.2m, is rotated along the Euler axis of
(1,1,1) with an angular velocity of 30
• per step. The parameters for material for both plates are E = 30GPa, ν = 1/3, ρ = 2400 kg/m 3 . The stress recovery method is employed to calculate the stress. Here are some results for stress component σ 11 . The maximal value of σ 11 in 2D plate is within 3e-3 Pa, and that in 3D plate is within 10 Pa, both which are due to the numerical error in calculating the rotation matrix and therefore are neglectable compared with the large rigid rotations. It is safe to conclude that the rigid rotation is subtracted from the total deformation in the framework of current peridynamic formulation.
2D plate with hole
Consider a 2D plate of 1m×1m with a hole of r = 0.125 m and force boundary condition of P = 1 MPa, as shown in Fig.9 , the problem is solved by the current peridynamics and Abaqus standard. Several simulations on different mesh on Abaqus are compared, and we choose the converged results. The plate is discretized into 38,024 particles with particle spacing of ∆x = 0.005m. The parameters for material are E = 30GPa, ν = 1/3, ρ = 2400 kg/m 3 . In order to obtain the static solution, a damping coefficient α = 1e4 is used, where the damping force for particle x is calculated by
where m x is the particle mass. The comparison in Fig.13 shows that the current peridynamics agrees well with the results by Abaqus Standard.
As shown in Table. 1, and take the results by Abaqus standard as the reference, the maximal error for displacement is 2.95%, for σ xx 28.3% and for σ yy 29.7%, which all happened on the boundaries. The reason is the non-local effect of peridynamics. For particle far away from the boundaries, the good agreement is observed as shown in Figs.10,11,12 and 13. For mode I crack, the crack starts to propagate at t = 385µs, and a peak is observed;
with the release of strain energy, the crack speed decreases to zero at t = 590µs. As the deformation going on, the crack restarts to propagate at t = 630µs and the crack velocity increases gradually.
For mode II crack, the displacement in x direction contributes to the bond strain in x direction. The strain exceeds the critical bond strain quickly, so the crack starts to propagate at t = 120µs. In a very short time, the specimen is separated into two pieces. 
Conclusion
In the paper, we have proposed a new peridynamic formulation with shear bond deformation. The key step is to deduce the rigid rotation of the total deformation. Compared with BB peridynamics and OSB peridynamics, current peridynamics is more similar to the classic elastic mechanics and allows the stress to be recovered while there is no stress in BB peridynamics and OSB peridynamics. On the other hand, compared with the NOSB peridynamics, the current peridynamics is simpler in expression. The current formulation allows for arbitrary rotations.
We also have proposed a new damage rule based on the maximal deviatoric bond strain.
This damage rule is compatible with three modes of brittle fractures. Compared with the traditional maximal bond stretch, the current damage rule can predict the in-plane shear and out-of-plane shear fracture with ease. Such damage rule is possible to be applied in NOSB peridynamics for further research.
The accuracy in solving continuous problem and capability in fracture modeling of current peridynamic formulation have been demonstrated by several examples.
